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Although homoscedasticity is often assumed in linear re-
gression, real data may show variance patterns or residual
structures that violate this assumption. We propose Var-
Guid, a variance-guided framework for two related settings:
covariate-dependent conditional variance under a global lin-
ear mean model, and residual nonlinear mean structure that
can mimic heteroscedasticity. The framework has two de-
liberately separated components. The first uses an itera-
tively reweighted regression (IRR) algorithm to estimate a
sparse global linear mean-variance model and support co-
efficient interpretation. The second uses a biconvex artificial
grouping algorithm for conditional prediction, keeping the
fitted linear backbone fixed while adding group-specific lo-
cal intercept corrections. We establish predictive-risk guar-
antees for the global estimator, and simulations and empir-
ical studies show improved out-of-sample accuracy. Var-
Guid is illustrated in two applications: health-related qual-
ity of life in low- and middle-income countries, and high-
dimensional genomic prediction of lymph node evaluation

in breast cancer.

KEYWORDS
Heteroscedasticity; Iteratively reweighted algorithms; High

dimensionality; Nonlinearity; Lagrangian optimization




2 | Liu and Lu

1 | INTRODUCTION

Although homoscedasticity is often assumed in linear models, this assumption is frequently violated in the analysis of
real-world data [1}[2]. When this occurs, existing methods typically take one of two paths. One path retains the mean
model and focuses on valid uncertainty quantification under heteroscedasticity through robust inference procedures
[3114] 15} [6]. The other path models the variance or dispersion explicitly through heteroscedastic regression, variance-
function or log-variance regression, and double generalized linear models [7, |8} [9) [10]. These approaches address
different statistical goals. In practice, however, a single dataset may raise two distinct questions: whether the outcome
has covariate-dependent variance within an otherwise linear mean model, and whether residual patterns that appear
heteroscedastic are instead signals of nonlinear mean misspecification.

For example, in the study by Siddharthan et al. [11] on lung condition in low-income and middle-income countries
(LMICs), Body Mass Index (BMI) appears related not only to the median St. George’s Respiratory Questionnaire (SGRQ)
score but also to its variability, as illustrated in Figurem The SGRQ is a validated patient-reported instrument that
measures health-related quality of life in individuals with chronic respiratory disease. While individuals with higher
BMl values show a higher median SGRQ score, the overall correlation between BMI and SGRQ is significantly negative,
contrary to the generally reported positive association between BMI and SGRQ in related settings [12] [13] [14]. It
is therefore unclear whether the negative association in these LMIC data reflects context-specific biology, model

misspecification, or a failure of the homoscedasticity assumption.
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FIGURE 1 Relationship between BMI and SGRQ score in LMICs. The association estimation may be affected by
heteroscedasticity due to violating the homoscedasticity assumption (Breusch Pagan test statistic = 62.32, P < .001).

For data patterns such as Figurem one plausible explanation is that the response follows a global linear mean
structure while its variability also depends on the predictors. This motivates the heteroscedastic regression model
studied in Section Suppose we observe independent data (X;,Y;), i = 1,2,...,n, where X; = (1, Xj,..., Xjp) "
contains the predictor variables and Y; represents the response. The first column of the design matrix is always a
column of 1s corresponding to the intercept. We do not assume homogeneity as in the usual regression setup. In

general, we write

Yi = X7 B+ (X[ )er, (1)
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where ¢; are i.i.d. with E(g;) = 0 and Var(g;) = 62, 8 = (Bi.... ,ﬁp)T denotes the coefficients for the conditional
mean of the response, and v = (y1,. .., yp)T governs the variance index. Note that if X,.T»y =Twithyy, =--- =y, =0,
the above model reduces to the usual homoscedastic regression setup. Equation (1) defines the global linear mean-
variance quasi-likelihood model studied in Section[2]

At the same time, apparent heteroscedasticity need not reflect a true variance mechanism. Because standard
heteroscedasticity diagnostics are applied to residuals from a fitted linear mean model, nonlinear mean structure can
generate residual patterns that appear heteroscedastic even when the underlying error variance is constant. This
motivates a second, distinct task: improving point prediction when the global linear mean model in Equation (1) is not

fully adequate.

The paper therefore contains two connected but conceptually distinct components. Section [2]is estimation-
oriented: it fits a sparse global linear heteroscedastic model, jointly estimates (B,'Ay), and supports interpretation
of the global regression coefficients in B When no penalization is applied to the mean coefficients, approximate stan-
dard errors for E can be obtained from the final weighted least-squares step. Section by contrast, is a conditional
prediction extension built on the fitted linear backbone from Section It keeps E from the first stage fixed and
adds grouping-based local intercept adjustments to absorb residual nonlinear mean structure. This second stage is
not a Bayesian formulation and does not propagate first-stage uncertainty; its role is to improve out-of-sample point

prediction rather than to provide a second layer of coefficient inference.

Related heteroscedastic and joint mean-variance/dispersion approaches already establish separate modeling of
the mean and variance/dispersion and iterative reweighting |7} 18[9} [10]. Against this background, our contributions
are threefold. First, in Section[Z]we study a penalized joint mean-variance quasi-likelihood estimator for heteroscedas-
tic regression in which both 3 and ~ may be sparse. The contribution here is the specific penalized formulation, its
adaptation to high-dimensional settings, and the accompanying predictive-risk theory for the resulting coupled loss.
Second, in Section [3 we introduce a distinct grouping-based extension that uses residual structure from the fitted
linear model to absorb remaining nonlinear mean effects while retaining the global linear backbone given by E Third,
in Section [4] we evaluate these two components in low- and high-dimensional medical examples, separating coeffi-
cient interpretation under the global mean-variance model from out-of-sample prediction using the grouping-based

extension. Section[5]concludes, and additional material is provided in the appendices.

To support reproducibility and implementation, we provide an open-source R package, varGuid, that implements
the proposed estimator and the artificial-grouping prediction extension as a two-phase analysis: the first phase for
coefficient estimation and the second phase for conditional prediction.

2 | THE VARIANCE GUIDED (VARGUID) COEFFICIENT ESTIMATOR

2.1 | Generalloss function

For Equation , we define the following per-observation quasi-loss:

(y - x'B)?

272 +log |x ], well-defined if [xT~| > 0. (2)

Ly, %, B,7v) =
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Write the population risk R(3,v) = E£(Y,X; B,~) and the empirical risk R,(3,v) = % X7, €Y1, Xi;8,). Our esti-
mator minimizes the penalized empirical risk

B.7q ¢ arg fgl[;l Qi (B.7) = Ra(B.7) + Al1BlI + ANyl

This estimator reduces to weighted least squares when the penalty terms vanish (i.e., Az = A, = 0), where the first
term adaptively weights squared residuals by the inverse local variance (X,T'y)‘2 and the second term, log |X,.T'y|,
enforces identifiability of the variance scale and arises naturally in variance modeling. This loss function coincides
with the negative log-likelihood under Gaussian errors, but more importantly, it remains valid as a quasi-likelihood
or M-estimation criterion whenever the errors have finite variance [15]. In this sense, it is a very general objective
function which yields consistent quasi-likelihood estimates whenever the conditional variance is linear in form and

the errors have finite variance.

2.2 | Theoretical guarantees

In this section, we establish that, at the population level, the heteroscedastic model class underlying our estimator
achieves predictive quasi-risk that is no worse (and typically strictly better) than the homoscedastic Lasso baseline.
We also provide a finite-sample oracle inequality under high-dimensional sparsity. Let X = [X1T, ..., XI]T denote the

n X p design matrix built from the observation-level covariate vectors X;.
Assumption 1 (Regularity) Suppose that (Y;,X;)7, areiid. with ¥; € Rand X; € RP, and that:

(i) ElXil|2 < coand E(Y?) < co.

(i) The conditional error &; satisfies E(g;) = 0, Var(g;) = 1 and E(sf) < oo,

(iii) For all (3,~) under consideration, |XT~| > ¢, > 0 almost surely (to avoid division by zero).

(iv) The design matrix X satisfies a restricted eigenvalue condition of order s = sg + s,, where sg = ||3*|lo and s, = [|v*lo

are the sparsities of the oracle pair defined below.

Assumptionis standard in high-dimensional M-estimation: (i)-(ii) impose finite moments on the data and in-
novations, (iii) rules out degenerate variance indices, and (iv) provides a restricted eigenvalue condition required for
oracle rates. The next result formalizes that, at the population level, allowing covariates to drive heteroscedasticity

can only improve predictive quasi-risk relative to a homoscedastic baseline.
Proposition 1 (Population quasi-risk dominance) Let

(B*,~4*) eargminR(B,7), (B A™M) carg  min  R(B,7).
By By: xT~=c>0

c>

Under Assumption[T] we have

R(B*~*) < R(B"MA"M),

(r-=Tpg*?

with strict inequality whenever the covariate-specific optimal scale n* (x) € arg min,so E o

+logu | Xg=x|is

nonconstant on a set of positive probability, where (Y, Xqy) denotes a generic observation.
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Proposition[I]motivates modeling the variance index explicitly. We now provide finite-sample guarantees for the
penalized estimator. The following oracle inequality shows that our penalized estimator achieves the usual (slogp)/n
prediction error rate under sparsity.

Theorem 1 (Oracle inequality in high dimensions) Let (3,5) € argmin Q,(8,~), where

.I n
Q(B.7) =+ Zf(Y/,X,';,B,'Y) + 211811 + Ay llv -
i=1

Suppose Assumptionholds, Ags Ay < N log” ,and (B*,~*) = arg minﬂ»‘ﬁH5||055p<,H‘Y”055y R(8,~) is the oracle sparse
pair. Then with probability at least 1 — C exp(—c log p),

_ |
R(BA) = RB A S (sp+5) —2F,

where c, C > 0 are universal constants.

As shown in Appendix A, the proof of Proposition [I] follows directly from nesting arguments, while the proof
of Theorem [I] combines concentration inequalities, restricted eigenvalue conditions, and decomposability of the ¢,

penalty [161[17]. In particular, a standard symmetrization plus concentration argument shows that
[log p
“n |

which provides the uniform stochastic bound needed in the oracle inequality.

(Y, Xi; R
sup| Z( B.7) - R(B,Y)| =

Remark Proposition and Theoremtogether show that the proposed estimator achieves the same predictive risk
as homoscedastic Lasso when variance is constant, and strictly better predictive quasi-risk when variance depends
on covariates. Moreover, in high-dimensional regimes the excess risk relative to the oracle sparse pair decays at the
usual (slog p)/n rate. This provides theoretical justification for using Q(3,~) in place of the standard Lasso.

Novelty of our results.

Classical heteroscedastic and joint mean-variance/dispersion approaches, including heteroscedastic linear models,
variance-function/log-variance regression, double generalized linear models, and iterative/adaptive weighted estima-
tion, already establish the broader idea of separate modeling of the mean and variance/dispersion [8}[18][7/[10]. The
general high-dimensional machinery for penalized M-estimators with decomposable regularizers has been developed
in prior work [16}[17]. We therefore do not claim novelty for either ingredient in isolation. Our contribution is twofold.
First, Proposition [T is new: it establishes, at the population level, that the heteroscedastic quasi-likelihood model
strictly extends the homoscedastic Lasso baseline, and that allowing variance covariates can only improve predictive
quasi-risk. Second, Theorem[I]adapts the general oracle inequality framework to the specific penalized joint mean-
variance quasi-likelihood in Equation , which is not covered by existing results. In particular, our loss couples mean
and variance indices and contains nonstandard terms (XI.Tfy)’2 and log |XI.T~y|. Verifying restricted strong convexity
and concentration for this nonconvex risk is technically nontrivial, and our analysis shows that the usual (slogp)/n

prediction rate still holds.
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2.3 | Iteratively reweighted regression (IRR) algorithm

Direct minimization of Q(/3, ) is difficult due to the nonconvexity in v and the nonsmooth ¢; penalties. To address
this, we employ a block-coordinate descent strategy that alternates between updating 4 and updating 3. The ~-
update is carried out using a Newton-Raphson step combined with coordinate-wise soft-thresholding to enforce
sparsity, while the 3-update is performed by solving a weighted Lasso problem given the current estimate of ~. This

alternating procedure is iterated until convergence, and the full algorithm is summarized in Algorithm [I] For the

variance coefficients ~, define the score vector u = (uy,...,u,) T, where
1 7 . .
up=—=-3, ’]!':X["/a r/':Yi_X[ﬁ-
ni 17,-

The gradient is then g = X" . Similarly, define the curvature vector d = (dj,....d,)T, where d; = 1/p? — 3r2/n%.
The resulting Hessian takes the form H = X diag(d)X, where diag(d) is the n x n diagonal matrix with ith diagonal
entry d;. To incorporate the ¢; penalty on ~, each coordinate is updated by soft-thresholding, leading to the Lasso
Newton-Raphson step. To ensure numerical stability, we enforce |n;| > € with a small constant € > 0. For the mean
coefficients (3, given the current variance estimate we solve a weighted least-squares problem with weights w; = 1/r],.2;
the ¢, penalty on 3 yields a weighted Lasso problem, solvable with standard routines. By iterating these two block
updates until convergence, we obtain the joint estimates (3,4). In implementation, Tyt and Ty, are maximum iteration
caps used only as safeguards; the algorithm stops earlier once the successive 3 and « updates fall below prespecified

tolerances. The penalties Az and A, are selected by K-fold cross-validation on the training data.

When Az = 0, 3 is updated by ordinary least squares, and standard errors for 3 can be obtained from the cor-
responding weighted least squares estimator using the weights from the final iteration. Simulation studies on the
performance of coefficient estimation are reported in Appendix B of the Supplementary Material. Table S2 highlights
a critical distinction in the performance of confidence interval estimation methods when heteroscedasticity is ad-
dressed through VarGuid compared to methods relying on heteroskedasticity-robust standard errors for OLS point
estimates. Specifically, the confidence interval coverage results for the Sandwich estimator often show notably higher
values than the nominal 95% level, indicating a phenomenon of over-coverage. While sandwich standard errors are
valuable for robust inference when the conditional variance structure is not explicitly modeled or is misspecified, our
simulations suggest that when a method like VarGuid achieves improved point estimation by explicitly addressing het-
eroscedasticity, the use of sandwich estimators may lead to over-coverage of the confidence intervals. This highlights
the importance of aligning the variance estimation strategy with the quality and efficiency of the point estimators,
potentially favoring methods like weighted least squares based standard errors, derived from the explicitly modeled

variance structure within VarGuid, for more accurate confidence interval coverage.
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Algorithm 1 Joint estimation of ~ (Lasso Newton-Raphson) and 3 (iteratively reweighted Lassol'])

1: Input: data {(Y;,X;)}7, with design matrix X = [X],...,X7]T € R™P; tolerances &g,&, > 0; small constant
€ > 0; maximum iteration caps Tout and Ty; penalties Ay, A > 0; initial 3 and ~(©@

2: fort =0,1,..., Toyt do

3 Residuals: r; « ¥; — X7 3(0)

4; |Initialize inner loop: 4(©1) «— ~(

5 fort=0,1,...,7, do

6 Variance index: n; « X[ ~("1); stabilize n; — sign(n;) max{|n;|,e}

7.

Update ~ (Lasso Newton-Raphson)

1 r
8: Score contribution: u; « q— - #3 fori=1,...,n;setw « (u1,...,up)"
i
9: Gradient: g — X" u
. 1 3r2
10: Curvature contribution: d; « - = 4’ fori=1,...,n;setd « (dy,...,ds)"
;i ;
11: Hessian: H «— XTdiag(d)X
12: fore=1,...,pdo
(ty) {4
13: Zp Yy - =
¢ Hee )
14: yéT“’y) «— sign(ze) max(|Zg| - 0)
[Heel
15: end for
16: Convergence: if [|y(**1Y) — 41|, < ¢, then break

17: end for
18: Set (1) — ~(7+1y)
19:  Update ] (iteratively reweighted Lasso!'!)

20: Recompute ; — X7 ~(**1 and stabilize as above
21: Weights: w; — 1/n?
22: Weighted Lasso: B(**1) « argming 3 X7, w; (¥; - XI,TB)2 + Ag 18l

23 Outer convergence: if |3 — BV ||, < gg and ||y — ||, < &, then break
24: end for
25: Output: 4 — ~(+) 3 — g(t+1)

3 | CONDITIONAL NONLINEAR PREDICTION WITH ARTIFICIAL GROUPING
EFFECTS

Sectionestimates a global linear heteroscedastic model and yields (Bﬁ). In practice, however, residual patterns
flagged as heteroscedasticity after the first stage may arise from nonlinear misspecification of the conditional mean
rather than from a true variance mechanism. Residual-based heteroscedasticity diagnostics implicitly assume a cor-
rectly specified linear mean function; when this assumption fails, nonlinear relationships can induce residual patterns

that mimic heteroscedasticity even when the underlying error variance is constant. This section therefore has a dif-

1When Ag = 0, we use ordinary least squares for the update, and the standard errors of B are obtained from the weighted least squares

estimator with the weights from the final iteration.
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ferent goal from Section it is a conditional prediction extension built on the fitted linear backbone B not a second
inferential model for (3,~). Throughout this section, B from Section is treated as fixed. The artificial grouping
step estimates only the grouping structure and the associated local intercept adjustments; it does not re-estimate
the global coefficient vector or account for the estimation uncertainty in B In particular, this stage is not a Bayesian
formulation.

To visualize the grouping mechanism while preserving a meaningful linear backbone, consider the partially linear
nonlinear model

Yi= Y Xij- X% +ei, (3)

j=1
where Xj; iid Unif(-1,1) and &; iid N(0,0.2). If a linear model is fitted in (Xj1,..., Xj¢), the first five effects are
correctly represented by the linear backbone, whereas the nonlinear contribution of Xje is omitted. In Figure[2]A, we

therefore plot the partial outcome

5
Yi=Yi- )Xy
j=1

against Xjg, so that the displayed target is the residual nonlinear partial effect _szs' In practice, the analogous quantity
is the residual Y; —XI.TB from the full fitted linear model. This example is used only to visualize the grouping mechanism.
More generally, the target setting of Section[3]is one in which a global linear backbone remains useful for interpretation,
but residual nonlinear mean structure remains to be corrected for prediction. Residual-versus-fitted plots and standard
heteroscedasticity diagnostics applied after the misspecified linear fit can flag such structure; in this example the

apparent residual pattern is caused by omitted nonlinear mean structure rather than by nonconstant error variance.

In this section, we use residual structure from the first-stage linear fit to construct artificial local intercept adjust-
ments. Unlike the IRR algorithm in Section [2] which jointly estimates the global coefficients in (3,~), the present
stage does not update B or 7. Instead, the fitted linear predictor X/T,é is retained as a fixed offset and is augmented by
a local correction shared by observations assigned to the same artificial group. The use of artificial random effects was
illustrated by Rao et al. [19], where synthetic effects were used to obtain local predictions for new data points that
fall outside the range of the training data. Here, the grouping variable is not tied to a hierarchical sampling structure
but is generated synthetically from covariate and residual structure to create local adjustments for both training and
test points. The resulting predictor combines a global effect from the observed variables through B which is common
to all observations, with an artificial local effect shared only within the same data-adaptive group. In the partial-effect

illustration of Figure , this local correction can substantially reduce prediction error relative to an ordinary linear fit.

For multivariate covariates, we need to determine the grouping variable systematically. Denote the subgroup-

center matrix by
U=[u],...,u)]"T e R™P,

where u; € RP is the center attached to observation /. Individuals / and j belong to the same artificial group if u; = u;.
The quantity u; is not a scientific parameter of direct interest; it is a data-adaptive center in predictor space used
only to induce artificial groups. For p = 1, w; is a scalar location on the predictor axis. For p = 2, w; is a point in

the two-dimensional predictor plane. More generally, for p predictors, u; € RP, and the fusion penalty operates on
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FIGURE 2 A: Partial-effect illustration from Equation . The vertical axis represents the partial outcome

Y=Y - 215.: X;; plotted against Xjs; the red step function shows the artificial-grouping local intercept correction
added to the fitted linear partial effect. B: Path of subgroup centers as ¢ increases; larger ¢ yields more subgroup
fusion. The horizontal axis shows the subgroup center corresponding to X;s, and the vertical axis shows the group
mean of Y within each artificial group, included for visual context only. As ¢ increases from O to 5.11, the centers
merge progressively, reducing from n distinct groups to a single group. C: Test-set RMSE from Panel A as a function
of ¢, used to determine the tuning parameter and the corresponding number of artificial groups. The vertical marker
indicates the cross-validated choice of ¢* = 0.2458, yielding ten groups and the improved prediction shown by the
red line in Panel A; the upper-right inset provides a magnified view of the RMSE curve in this region. When multiple
values of ¢ yield essentially identical RMSE, ties are resolved in favor of the larger ¢, which produces fewer artificial
groups and a more parsimonious solution. D: Same analysis as in Panel C but under a linear outcome, for which the
RMSE curve favors a large value of ¢ and returns a single-group solution. Supplementary Figure S1 provides the
corresponding expanded linear-case illustration, including the fitted curve, subgroup-center fusion path, and RMSE
trajectory.
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Euclidean distances ||u; — w;l|2 in this space. Let c1,...,cq denote the g distinct rows of U. The prediction model
is a fixed-effect model based on the observed covariates X and the artificial groups, which introduce group-specific
intercepts,

Y= XE + da, (4)

where ® = (¢;;) is an n x g artificial grouping design matrix, with ¢;; = 1{w; = ¢;}. Here Equation @ is written in
vector form: Y € R”, X e R, B € RP, ® € R™9,and « € RY. Equivalently, at the observation level, Y; = XT B+ ¢ a.
After ¢ is selected by cross-validation in Algorithm the final prediction uses the selected quantities ® and &. After
fusion, each observation belongs to exactly one artificial group, so each row of @ contains a single entry equal to 1
and all remaining entries equal to 0. The vector a = (ay,...,aq)T contains group-specific intercepts and satisfies
21‘.7:1 a; = 0. Equivalently, write m(X;) = E(Y; | X;) for the conditional mean at observation i. Then the grouped term
¢,Ta can be viewed as a piecewise-constant approximation to the residual mean m(X;) — XITB, with the partition
learned through supervised fusion. The parameter B is obtained from Algorithm |1} and « and @ are given through

the following supervised extension of Chi and Lange’s clustering method [20]:

1Y = 2 19
minimize EZ(Y’ —X75—¢,Ta) + EZ”X’ —ui||§+§z wij [[wi =, .
: = =

i<j
v (5)
subject to Z a; =0.
j=1

where ¢ is a positive tuning constantand w;; = wj; = £ (X;, X;) is a nonnegative weight derived from Euclidean distance
or an external model such as a random forest proximity matrix [21}22]. When ¢ is large, all the subgroups are merged
together, i.e., u1 = up = --- = u,, 50 g = 1, d = 1, and the constraint forces o = 0. Equation then reduces to
the standard linear predictor without artificial grouping effects. When ¢ = 0, the minimum value is achieved when
each u; = X;, implying that each point belongs to its own group. As ¢ increases, the centers of these groups begin to
merge; see Figure[2B for illustration.

3.1 | The Lagrangian function

To derive the Lagrangian form of Equation , we handle two parts separately. One part addresses the constraint
Z;L] aj = 0, and the other handles the fusion penalty ¢ 3;.; w;j [|lu; — w||, . Importantly, 3 is not optimized in this
stage; it enters only through the fixed linear predictor from Section[2] The unknown quantities are the local intercepts
« and the center matrix U. An auxiliary matrix V is introduced below to impose the pairwise difference constraints.

Let Ap > 0 be a quadratic penalty weight for the constraint 27:1 a; = 0. Define

Y - X3
0

7 . P(k) =

r
Violg |

Since the constraint Zj‘.’=1 a; = 0is equivalent to {27=1 aj}2/2 = 0, the local-intercept part can be written as

2
L5 0x75 - o'+ (Z ) 1, - s0o0al]- o
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For the fusion penalty ¢ ¥;.; wij ||ui — uj|,, we introduce a new L x p auxiliary matrix V, where L = (J), so that
the optimization can alternate between U and V. For pair / = (i,j) with i < j, denote w; = w;;, and let d; be an
n-dimensional row vector with dj; = 1, dj; = —1, and all other entries equal to zero. Then d,U = u; — u;. We define
vy, the /th row of V, as an auxiliary copy of this pairwise difference and impose the constraint

v =Uuj — uj = d/U.

P 1 2 . .
Therefore, minimize 5 37, 1X; — will3 + ¢ T;<j wij |lui — w;||, can be equivalently written as

R = .
minimize - Z IX; - will2 +¢ Z willvill, subjectto dU-v, =0, I=1,...,L.
245 =1
The constraints are enforced through quadratic penalties % |d;U — v, ||§. The corresponding contribution is

1 n L L /\/
3 2 X —will3+ ¢ 3 willvglla + 3 5 U~ w5 7)
i=1 =1 =1

Combining Equations (6) and (7) gives

1 e ~ 2 1 n ) L L /\/ )
L@ U V.20, M) = 5 [V5 - ®0o)a + 5 21X -l + D wilorla+ 35 I - vl @)
where X\ = (A1,12,...,A,) T contains positive quadratic penalty weights for enforcing the pairwise fusion constraints.
3.2 | The biconvex algorithm

The challenge in minimizing Equation (8) is that & depends discretely on U, so the problem is not jointly differentiable
in all unknown quantities. Because E is fixed from Algorithm the optimization alternates between the local-intercept
block o and the grouping block G = [UT,VT]T. When updating o, G and @& are held fixed. When updating G,
and @ are held fixed. Finally, ® is updated after G is updated. In iteration m + 1, the local-intercept update is

T . 2
(m+1) (1) o in = |[V5 -
™D (o) := argmin “Yﬁ ¢'(/\o)04H2~ @)
We then choose
I T 2
/lé’"”) = arg/\r(;nm 5 ” 5= ¢(,10)a(,10)”2, alm™ = a(}‘(()mﬂ))- (10)

Thus the local-intercept block updates only «; it does not re-estimate the global coefficient vector E

For the G part, minimizing Equation (8) with respect to U, while holding the other blocks fixed, yields

Xi + Xpdy=1.djp=—1 /\,(m) (U,Em) + v,(m)) + 2 lidyi=—1.djp =1 Afm) (u,((m) - U,(m))

1+ Xrdy=1 )‘;m) + Llidyj=—1 A,(m)

u§m+1) _

, (11)
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where k denotes the unique partner index paired with 7 in pair /; that is, d;; = 1 implies d;x = —1 for a unique k, and
d;j = —1 implies d;x = 1 for a unique k. The penalty-weight update is implemented as the projected step

1 2
A max {/\min, AT -6 U™ - v HZ} : (12)
where § is the step length and A, > 0 keeps the denominator in the V-update bounded away from zero.
For the V block, we solve

A 2
U(m+1) - argminCW/ H'UHZ + Al Hd/U(IN) _1_;” . (13)
! veRP 2 2

Let afm) = d;U™ . For pair I = (i), a,(m) = ufm) - uj(.m) € RP. Thus the shrinkage is applied to the full pairwise

difference vector rather than separately to each coordinate. The solution is the vector soft-thresholding update

R N R R
W VA

(m>” < m

o Hal 2 /\/ ’

AIgorithmE]summarizes our procedure, and Line 17 specifies that the tuning parameter ¢ is selected by minimizing
the cross-validated RMSE of the outcome, with ties resolved in favor of the largest ¢ and hence the fewest artificial
groups. In Algorithm[2] M is the maximum number of inner biconvex iterations allowed for each candidate value of
¢. It is used as a computational stopping cap. The algorithm may stop before reaching M when the updates in U and
the fitted local correction stabilize. The tuning parameter selected by cross-validation is ¢, not M. For a new test
observation Xnew, the artificial group is assigned using the fitted subgroup centers from the training data. Specifically,
we set

£ (Xnew) = arg min_ || Xnew — Ej [l2,
1<j<q

and use the corresponding local intercept adjustment &E )- The resulting prediction is

(Xnew

Ynew = XIeWﬂ + aE(Xnew) .

FiguresEF and Ep illustrate how this selection mechanism determines the number of artificial groups. In the
nonlinear setting of Equation , the RMSE curve in Figure reaches its minimum at an intermediate value of
¢, corresponding to ten groups and improved prediction relative to a purely linear model. By contrast, when the
underlying mean structure is linear, as in Figures@) and S1, the RMSE decreases monotonically as ¢ increases, and
the optimal value yields a single-group solution. This behavior shows that the method does not create unnecessary
local groups and naturally collapses to an ordinary linear regression model when no nonlinear adjustment is needed.
Finally, we note that 3 from Algorithmremains the global linear component in Equation ; the artificial grouping

mechanism modifies only the local intercepts through & and does not alter the global regression coefficients.
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Algorithm 2 Generation of artificial grouping effects & and &

1: Input: B from Algorithm grid £1,...,¢y; maximum iteration cap M; tolerances gy, &4; initial @, U© v(©),
Aéo) and AEO)

2: for¢p,=¢q,...,¢y do

3 form=0,1,...,M - 1do

4 for/=1,...,Ldo

5 update /\,(’"”) using Equation and v,(’"“) using Equation

6: end for

7 fori=1,...,ndo

8! update uf'"”) using Equation

9 end for
10: if ||ufm+1) - uj(.’"”) l2 < &y for any pair (i, /), merge i and j into the same group and update & (™+")
11: update a‘™*") and Aém”) using Equation with @ (m+1)
12: if U™ — U™ || 2/ynp < ey and [[ @™ o) — (™M o (M) ||, /y/n < &4 then break

13: end for

14: a(ty) « a'™ and ® (&) «— (M

15: obtain RMSE(¢,,) from Equation {4) using a(¢p,) and @ (&) via cross-validation

16: end for

17: choose ¢* to minimize RMSE(¢},), resolving ties by choosing the largest ¢,; set & «— a(¢£*) and & «— @ (¢*)
18: output & and &

Connection to mixture of regressions.

Our artificial grouping approach is superficially related to mixture of regression models [23}[24], in which latent sub-
populations are assumed to generate the data and group memberships are inferred jointly with regression coefficients.
The key distinction is that we do not posit a latent mixture distribution or interpret the artificial groups as scientific
subpopulations. Instead, we construct artificial groups from residual structure of the fitted global linear model and
use them only as local intercept corrections for conditional prediction. Thus o« and @ are predictive adjustment pa-
rameters rather than population-level coefficients analogous to 3 or ~. This yields a supervised, optimization-based
adjustment that improves prediction while retaining a single global regression backbone given by E rather than esti-

mating separate regression coefficients for latent components.

3.3 | Empirical and simulation results for model prediction

Purpose of the prediction comparisons.
The comparisons in this subsection are limited to out-of-sample point prediction. The machine-learning methods are
included as predictive benchmarks, not as competitors for coefficient-level inference or uncertainty quantification.
The interpretable component of VarGuid is the global linear backbone Eestimated in Section The grouped extension
in Sectionkeeps this backbone fixed and adds only the local correction [ﬁTa for prediction. Consequently, RMSE-
based comparisons in this subsection should be interpreted as evaluating the conditional prediction extension, not as
evidence of improved uncertainty quantification.

This subsection evaluates whether the prediction extension of VarGuid from Algorithm[2]enhances model predic-

tion, using both empirical and simulated datasets for the analysis. As shown in Table[T] we have 11 real datasets with
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n > p from the University of California Irvine Machine Learning Repository (UCI), and 10 high-dimensional datasets
with p > n from the datamicroarray Github R package [25]. All the high-dimensional datasets have categorical out-
comes such as cancer type. To construct a continuous outcome for each dataset, we first applied the Lasso model [26]
to predict the categorical outcome using all standardized gene expressions. We then selected the gene expression
with the highest absolute coefficient value as the outcome Y. The remaining gene expressions were used as predic-
tors X. We also developed 10 simulated nonlinear scenarios to test prediction performance, with details provided in
Appendix C.

For the low-dimensional cases, we configured the simulations with N = 500 and p = 15. For the high-dimensional
cases, we set N = 100 with p = 200. These simulations included both independent and correlated feature scenarios
with correlation p = 0.9. For all benchmark datasets, we randomly selected 80% of the data for training the model

and 20% for evaluating prediction accuracy, conducting 100 replications in each case.

For the low-dimensional scenarios, we compared VarGuid with two mixture-model competitors: the “regmixEM”
procedure, a finite mixture regression model implemented in the mixtools R package [27], and the “flexMix” model-
based clustering framework from the flexmix package [28]. For the high-dimensional scenarios, we benchmarked
VarGuid against Lasso-based estimation, where the tuning parameters Ag and A, in Algorithm E]were selected by a
grid search using 10-fold cross-validation, and the Lasso penalty parameter A for the baseline model was chosen using
10-fold cross-validation in the glmnet package [29]. We additionally evaluated the FMRS method [30] implemented
in the fmrs package [31]. For both low- and high-dimensional settings, we further compared performance against
several machine-learning regression approaches, including Random Forests, Gradient Boosting, XGBoost, LightGBM,
CatBoost, and Bayesian Additive Regression Trees (BART), all tuned using standard cross-validation defaults for their
respective R packages.

For the low-dimensional simulation settings, FigureA) displays the critical difference (CD) diagram summarizing
the average ranks of all methods based on their RMSE across the simulation scenarios. Each method’s mean rank
is shown along the horizontal axis, with lower values indicating superior performance. A horizontal bar connecting
two or more methods denotes a group that is not significantly different according to the Nemenyi test at the spec-
ified significance level. In these settings, VarGuid attains the lowest average rank, followed by Gradient Boosting,
XGBoost, and Random Forest, whereas the mixture-model approaches flexMix and regmixEM exhibit substantially
poorer performance. The CD line at the top of the figure indicates the minimum difference in average rank required
for two methods to be declared significantly different; differences smaller than this threshold are not statistically

distinguishable.

Figure [3[B) shows the corresponding CD diagram for the high-dimensional simulation settings. VarGuid again
achieves the best overall rank, clearly outperforming both penalized regression (Lasso) and mixture-model estimation
(FMRS). Among the machine-learning baselines, Gradient Boosting and XGBoost form the next tier of competitive per-
formers, followed by Random Forest, Light GBM, CatBoost, and BART. Methods joined by a horizontal bar constitute
a group without significant differences under the Nemenyi test. As in Figure[3JA), the CD line at the top marks the
minimum separation in average rank required for a statistically significant difference; smaller separations indicate that
the methods cannot be differentiated statistically. Details on the method implementation and additional information
related to Figure[3|are provided in Appendix C.

These results therefore support the use of artificial grouping as a post-estimation prediction correction when
residual nonlinear structure remains after fitting the global linear model. They should not be interpreted as showing
that the grouped extension provides coefficient-level uncertainty quantification. Formal inference for the grouped

correction, including propagation of the first-stage uncertainty in E and 7, is outside the scope of the present work.
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TABLE 1 Real-world datasets with low- and high-dimensional features for evaluating outcome prediction
performance.

Datasets Source* n§ p§ Outcome Reference

Concrete UCI 1030 9 Concrete compressive strength Yeh (2007) [32]

Liver Disorders (V]el] 345 5 Drinks Forsyth (1990) [33]

Airfoil Self-Noise UCl 1503 5 Scaled sound pressure Brooks and Marcolini (2014) [34]
Real Estate Valuation (V]el] 414 4 House price in New Taipei City, Taiwan Yeh (2018) [35]

Average Localization Error UCI 107 4 ALE" in sensor node localization process Singh and Lee (2023) [36]

Auto MPG UcCl 398 7 MPG Quinlan (1993) [37]

Concrete Slump Test (V]el] 103 7 Compressive strength Yeh (2009) [38]

Yacht Hydrodynamics UCI 308 6 Residuary resistance Gerritsma and Versluis (2013) [39]
Servo (V]el] 167 4 Class from a simulation of a servo system Ulrich (1993) [40]

Demand Forecasting Orders UCI 60 12 Total orders Ferreira and Sassi (2017) [41]
Facebook Metrics UCl 500 18 Total Interactions Moro and Vala (2016) [42]

Alon DM 62 2000 X765 Alon et al. (1999) [43]
Christensen DM 217 1413 OSMP188F Christensen et al. (2009) [44]
Gravier DM 168 2905 g1CNS26 Gravier, Eleonore et al. (2010) [45]
Pomeroy DM 60 7128 D28473-s-at Pomeroy et al. (2002) [46]

Shipp DM 58 6817 V2006 Shipp et al. (2002) [47]

Singh DM 102 12600 = V10234 Singh et al. (2002) [48]

Tian DM 173 12625 898sat Tian et al. (2003) [49]

West DM 49 7129 V132 Wei et al. (2015) [50]

Gordon DM 181 12533 34320at Gordon and Olshen (1985) [51]
Subramanian DM 50 10100 BAX Subramanian et al. (2005) [52]

* UClI stands for the University of California Irvine Machine Learning Repository; DM stands for the datamicroarray Github R package. For DM datasets, the outcome column
contains the names of genes that serve as the dependent variable Y.

§ n stands for number of samples, p for number of variables.

TALE stands for Average Localization Error.
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A. Low-dimensional setting
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B. High-dimensional setting
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FIGURE 3 Critical difference diagram of average method ranks for RMSE comparison for outcome prediction on

real and simulated datasets.
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4 | DATA APPLICATIONS

We evaluate VarGuid using two real-world health datasets that differ substantially in dimensionality. Unless otherwise
stated, the data applications in this section use the estimator from Algorithm[I] The artificial grouping procedure in
Algorithm[2]is evaluated separately in Section[3]as a prediction-oriented extension and is not used for the coefficient
estimates reported below. Section[4.T] examines respiratory-related quality of life in LMICs, and Section[4.2)analyzes
high-dimensional gene expression profiles from the PAM50 study [53] for predicting lymph node involvement in breast

cancer patients.

4.1 | Exploring factors related to SGRQ scores in LMICs

We first analyze determinants of SGRQ scores, a validated measure of respiratory health burden, in the LMIC dataset
of Siddharthan et al. [11] introduced in Figure The dataset includes 10,664 participants from semi-urban Bhakta-
pur (Nepal), urban Lima (Peru), and rural Nakaseke (Uganda), and captures demographic, clinical, and environmental
predictors such as age, sex, education, biomass fuel use, body mass index (BMI), smoking, heart disease, tuberculosis,
and diabetes.

All predictors were standardized to allow direct comparison of effect sizes. Table[2]shows the estimated associ-
ations with SGRQ scores. The strongest predictors of worse respiratory quality of life were heart disease (8 = 27.70,
SE = 2.69, p < 0.001), tuberculosis (3 = 14.08, SE = 1.87, p < 0.001), and current smoking (8 = 3.99, SE = 1.10,
p < 0.001). Tuberculosis remains a major contributor to long-term respiratory impairment in LMICs, consistent with

prior evidence on its lasting impact on lung function and quality of life [54].

TABLE 2 Estimated regression coefficients for SGRQ score and related factors.

Estimate  Std. Error ¢ statistic ~ p-value

Intercept 37.27 22.82 1.63 0.102
Biomass use -2.15 0.94 -2.29 0.022
Sex (female) -4.28 0.83 -5.18  <0.001
Education -1.08 0.10 -10.85 <0.001
Age 1.01 22.67 0.04 0.964
BMIt -0.11 0.08 -1.35 0.178
Current smoker 3.99 1.10 3.63 <0.001
Heart disease 27.70 2.69 10.31  <0.001
Tuberculosis 14.08 1.87 7.53 <0.001
Diabetes 4.89 1.56 3.13 0.002

"For BMI, the VarGuid bivariate correlation was —0.012 (SE = 0.012, p = 0.321), compared with the OLS estimate r = —0.163 (SE = 0.068,
p = 0.016) in Figure([T]

From an effect-estimation perspective, the dominant associations with worse SGRQ are heart disease, tubercu-

losis, and current smoking, all of which are clinically plausible predictors of respiratory health burden. The BMI result
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is especially informative. The crude BMI-SGRQ display in Figuremshows a negative marginal association together
with visible changes in spread, whereas the adjusted VarGuid mean coefficient for BMI is small and not statistically
significant (3 = —0.11, p = 0.178). This attenuation suggests that, in this cohort, BMI is more strongly related to vari-
ability in respiratory burden than to a monotone shift in mean SGRQ score. Thus the LMIC application illustrates the
estimation-oriented component of VarGuid: coefficient interpretation is based on the global linear mean model, while
the variance-guided weighting helps avoid overinterpreting a crude association that is entangled with heteroscedas-
ticity.

4.2 | Predicting lymph node evaluation from gene expression data

We next apply VarGuid with iteratively reweighted Lasso to RNA-seq data from the PAM50 study [53], focusing
on predicting the number of axillary lymph nodes examined, a clinically important indicator of disease severity and
surgical assessment. This application is intended as a high-dimensional prediction and variable-selection example.
The selected genes are therefore interpreted as predictors selected by the penalized fitting procedure, not as causal

drivers.

We first evaluated predictive performance using only the 50 PAM50 genes. Under 10-fold cross-validation, Lasso
achieved an RMSE of 8.74, whereas VarGuid reduced the RMSE to 7.65, indicating improved prediction within the
PAM50 set. All RMSE comparisons for VarGuid in this subsection use both Algorithm [T and the artificial-grouping
extension from Algorithm[2}

We then expanded the analysis to all p = 20,133 available genes. With all genes included, Lasso achieved an
RMSE of 7.118, while VarGuid further reduced it to 7.108. VarGuid selected 34 genes (Figure EA) compared to 16
genes selected by Lasso (Figure EB); the Lasso-selected genes were a subset of those chosen by VarGuid, except for
SPIRE2. No PAM50 genes were selected by either method, consistent with previous findings that PAM50 subtypes,
while prognostically useful, do not strongly predict the extent of lymph node evaluation [55][58].

_A. VarGuid-selected genes i B. Lasso-selected genes
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FIGURE 4 Gene expression heatmaps for breast cancer samples (n = 50), ordered by the number of axillary

lymph nodes examined. Panel A: 34 genes selected by VarGuid from p = 20,133. Panel B: 16 genes selected by Lasso.

All Lasso-selected genes were included in the VarGuid model except SPIRE2. No PAM50 genes overlapped with the
selected sets.
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These results illustrate that while PAM50 is clinically informative for molecular subtyping, it is not sufficiently pre-
dictive for lymph node evaluation. Expanding the feature space improves predictive accuracy, and VarGuid provides a
more comprehensive selection of relevant genes while maintaining competitive RMSE. The modest RMSE difference
between VarGuid and Lasso in the all-gene analysis indicates that the two methods perform comparably when the
full gene set is available. This application is intended primarily as a variable selection and prediction example in a

high-dimensional genomic setting, rather than as an investigation of conditional variance mechanisms.

5 | CONCLUSIONS

This paper studies two related but distinct consequences of heteroscedasticity signals in linear regression. First,
when the conditional variance itself depends on covariates, Section[2]considers a sparse global linear heteroscedastic
model and estimates the mean coefficients 3 and variance-index coefficients ~ jointly through a penalized quasi-
likelihood. Second, when residual patterns flagged as heteroscedasticity are instead driven by nonlinear mean mis-
specification, Section[3]introduces a separate grouping-based correction built on the fitted linear predictor from Sec-
tion[2] This two-component framing clarifies that VarGuid is an estimation-oriented procedure for a global linear
mean-variance model, followed by a conditional prediction extension for residual nonlinearity.

The roles of the two stages are different. Section [2]is estimation-oriented: it provides an interpretable global
linear backbone through ,@ and 7, and when Ag = 0, approximate model-based standard errors for ﬁ can be obtained
from the final weighted least-squares step. Sectionis prediction-oriented: it keeps B fixed and adds artificial group-
specific intercept adjustments to improve out-of-sample point prediction when linearity in the conditional mean is
inadequate. This second stage is not a Bayesian formulation and does not propagate first-stage uncertainty; rather, it
is a supervised conditional prediction device designed to preserve the interpretability of the global linear component
while allowing local nonlinear corrections.

The artificial grouping term has a specific statistical interpretation in this framework. Itis not intended to represent
latent scientific subpopulations or a random-effects distribution. Instead, it provides a piecewise-constant approxima-
tion to residual mean structure left unexplained by the global linear fit. Equivalently, the grouped term estimates local
intercept corrections around the backbone predictor X,T,@ This interpretation explains why the grouped extension
can improve prediction without replacing the single global linear model or estimating separate regression coefficients
for different latent classes.

Across simulations and applications, the target of evaluation follows this separation. In the LMIC application,
Section [2]is used to estimate and interpret associations under a global heteroscedastic linear model. In the non-
linear simulations and prediction benchmark studies, Section [3is used to evaluate out-of-sample point prediction,
where the artificial grouping mechanism improves flexibility without altering the global regression coefficients. In the
high-dimensional breast cancer application, VarGuid is used primarily as a sparse predictive and variable-selection
procedure rather than as a formal mechanism-discovery model for the conditional variance. Thus, the empirical re-
sults should be interpreted according to the component being used: coefficient interpretation for the global linear
mean-variance model and RMSE-based prediction assessment for the grouped extension.

Although the grouped term has a clear statistical interpretation as a local intercept correction, the artificial group-
ing extension introduces interpretability challenges at the predictor level. In particular, it is not clear how much each
predictor contributes to prediction through its influence on artificial group formation. Developing methods to quantify

the contribution of individual predictors to the artificial grouping structure is a natural direction for future research.
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More broadly, the current work emphasizes population-level risk properties of the penalized estimator in Sec-
tion [2 and conditional point prediction performance of the grouped extension in Section [3] Formal inference for
the penalized joint estimator, such as asymptotic normality and valid post-selection standard errors for (B, ~), poses
additional challenges due to joint penalization and high dimensionality. Formal uncertainty quantification for the
grouped extension, including propagation of first-stage uncertainty from (ﬁﬁ) into the artificial grouping step, is
also outside the scope of the present paper. Extending variance-guided regression to incorporate debiased inference,
post-selection inference, or prediction intervals that propagate uncertainty from both estimation stages represents a

promising avenue for future development.
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Appendix A: Theoretical proofs for Section 2

2.1 Assumptions and notation
Let (V;,X;)i, beiid. withY; € R and X; € RP. Let
X =[X],...,X]]T e R™*P

denote the sample design matrix. For population-level statements, let (Y, Xg) denote a generic observation
distributed as (Y;, X;), and let x denote a fixed value of Xg. For 3, € RP, define

. - (y — wTﬁ)Q T
g(y’$7ﬂ”7) - 2($T7)2 +1Og|$ ’Y‘?

well-defined when |z T~| > 0. Write the population risk as
R(B,7) = E{(Y, Xo; 8,7)}
and the empirical risk as
1 n
Rn ) = - 14 )/Z'a X27 ) .
(B.v) =~ ; ( B8.7)
Our estimator minimizes the penalized empirical risk

B,7 e argin On(8,) 1= Fn(B,7) + AsllBll1 + A 17l

~
Assumption 1 (Regularity).
(i) (Finite moments) E||X||3 < co and EY? < oo.

(i) (Innovation moments) The standardized innovation € in the data-generating mechanism satisfies E(e) =
0, Var(e) = 1, and E(e*) < co.

(iii) (Away from zero variance index) There exists ¢, > 0 such that |X"~| > ¢, almost surely for all ~

under consideration;'

(iv) (Restricted strong convexity / eigenvalue) There exist constants k > 0 and a tolerance 7,, > 0 such that
for all pairs (B,7) and for all perturbations (Ag, Ay) in the cone

C(S5,57) = { (85,89 : [18s.55 1 < 31885011, 185,521 < 311 Ay,s, 11},

the population risk satisfies the RSC inequality
K 2 2 2
R(B+ 25,7+ 8,) = RB,7) = 5 (18615 + 18, 13) 7 (1801 + 145 ]1)

Here Sg, S, are index sets (e.g. supports of oracle parameters) with sizes sg = |Sg|, sy = |S,].

1As is standard in heteroscedastic modeling, this restriction avoids divisions by zero and enforces identifiability of the scale
index on the parameter set of interest; practically one uses a small stabilizer € in the algorithm.



2.2 Population dominance (risk nesting)

Proposition 2.1 (Population quasi-risk dominance). Let (Y,Xq) denote a generic observation distributed
as (Y;,X;), and let © denote a fized value of Xo. Let

(8%, 7*) €argminR(B,v),  (B"™,4™™)carg min  R(B,7).
By By:xTy=c>0

Under Assumption 1, we have
R(B' %) < R(B™™ 7).

Moreover, the inequality is strict whenever no homoscedastic pair attains the full-class minimum. In partic-
ular, this occurs when the full-class minimizer is unique and the covariate-specific optimal scale

Y —x'8%)?

202 + logu

n*(x) € arg r51>1{)1 E X = :1:}

is nonconstant on a set of positive measure and is attained by the admissible variance-index class.

Proof. Let
Hiom ={(8,7) 1 'y =¢>0}

denote the homoscedastic class. Then Hyom C {(B,7) : |z ~| > 0}, so by nesting

inf R(3, < inf R(B,7),
inf (B,7) < . (B,7)

which yields R(8*,~v*) < R(B8"™,~hom).

For strictness, suppose equality holds. Then a homoscedastic minimizer also attains the minimum over
the full heteroscedastic class. Therefore, strict inequality holds whenever no homoscedastic pair attains the
full-class minimum.

To connect this condition to the covariate-specific scale, fix 3 = 3" and consider, for each fixed =,

(Y —2'B")?
Pa(u) =E g tlgu|Xo =z, u> 0.
Write
a(z) =E[(Y —x"B8")*|Xo =x].
Then (@) ) 3a(x) )
alx alx
P (u) = — e +;, O (u) = R

Thus ¢ (u) need not be globally strictly convex, but it has a unique minimizer at

under the nondegenerate variance condition. If this optimal scale is nonconstant on a set of positive measure
and is attained by the admissible heteroscedastic class, then no constant homoscedastic scale can attain the
same pointwise optimum. In particular, if the full-class minimizer is unique, equality with the homoscedastic
minimum is impossible. Hence the inequality is strict. O

Proposition 2.2 (Nesting for penalized population objective). Fiz any nonnegative penalty P(3,~) > 0
(e.g., P(B,7v) = Xgl|Blli + Ay ||v|l1) that does not depend on the model class. Define J(B,7v) = R(B,7v) +
P(B,7). Let (B,~") € argming  J(8,7) and (8™, ytrom) € argming 4. 79250 J(8,7). Then J(B%,41) <
J(BHm, o)

Proof. The feasible homoscedastic set is a subset of the full parameter space; taking the infimum of the same
objective J over a superset cannot be larger. O



2.3 High-dimensional oracle inequality

We now give a finite-sample bound comparing the predictive risk of the empirical penalized estimator to
that of the best sparse oracle pair. Let

(B*,7") € arg R(B,7), Sg=supp(B*), Sy =supp(v”).

min
By IBllo<sgs, l[7llo<sy

Theorem 2.3 (Oracle inequality). Suppose Assumption 1 holds, and choose tuning parameters
)\6 > 2 HvﬁRn(ﬂ*a’y*) - VﬁR(/@*7’Y*)Hooa )\'y > 2 |’v’an(B*57*) - V")‘R(ﬂ*77*)HOO
Then any global minimizer (,@,'Ay) of Q, satisfies, with probability at least 1 — 0,

41,

2 = * 9
R(B.7) = R(B"7) = —(\asg +A755) + —= (Assg +Ays1),

R

where K and T, are the RSC constants from Assumption 1(iv). In particular, if 7, = 0 and g, Ay, =<
V/(logp)/n (e.g. via standard concentration bounds), then

25 * * 1
R(B,A) - R(B*, ") < (s5+5,) —2L.

Proof. Step 1: Basic inequality and decomposability. By optimality of (B,'Ay) and feasibility of (8*,~*),

Ru(B,3) + 2slBl + M 1Al < Ra(B*7*) + AsllB* 1 + Ayl

Add and subtract R(-) and rearrange to get

R(B,7) — R(B*,7") < [R(B*,7*) — Ru(B*,7")] — [R(B,7) — Ru(B, )] +2s (18" 11— 18111 )+ (I 1~ A1]1)-
=ARg =&,

By convexity of the ¢; norm and decomposability,
187 =118l < [18sssll = 18550l IVl = [Vl < 1Aqs, 1t = 145,551,

where Ag = B — B and Ay =7 —v~
Step 2: Bounding the empirical process term. A first-order mean value expansion of R, — R along the
segment joining (B*,4*) and (3,7) yields

En < (VaRa(B",7") = VBR(B",7"), Ap) +(V4Ra(B",7") = V4R(B",7*), A,).
By Hélder’s inequality and the choice of Ag, Ay,
A A
En < lIAsl + 1A

Step 3: Cone condition. Plugging the bounds from Steps 1-2 into the basic inequality and regrouping
gives

A A
Ag < 7[3||A6H1 + 1A+ As (1 Ag,s5 1 = 188,5511) + Ay (12,5, 1t = 145,52 11)-
Canceling terms, one obtains the cone relations
1As,s5llt < 3l1Ass,ll, [[Ayselh < 314y, 1,

S0 (AﬂaA’Y) € C(S/g,SV)
Step 4: RSC lower bound and completing the square. By Assumption 1(iv) (RSC) applied at (8*,~*) in
the direction (Ag, A,) € C,

K 2
Ar > S (186015 + 18412) = 7 (12s]1 + 144 ]1)"



Combine the upper and lower bounds on Ag and use the cone condition plus [|Ag s,[l1 < \/35/|A2 (and
analogously for ) to obtain

K 3\ 3\
L0883 +18503) < 221805, 0+ Ay s, 7 (41855, 1 + 4185, 13).

Using [|Ag,s,l1 < \/35/|As]]2 and Young’s inequality yields

| o

18513 + 14,13 <

(V)

87,
- (\Bss +A3s,) + 70‘555 +Ay54).

Finally, apply the RSC lower bound once more to translate the squared ¢ bound into an excess-risk bound:
K 9 9 9, .4 9 47,
Ar < §(||Aﬁ||2 + ||A7H2) < E()‘ﬁsﬂ + )‘757) + 7()‘535 + )\'YS’Y)a

which is the stated inequality. O

Remark (On the choice of A\g, A,). Under Assumption 1(i)—(iii) and standard moment/concentration bounds
for empirical processes (the gradients are averages of sub-exponential terms because (X '+)~* is bounded

by ¢, %), one may take Ag, A, < y/(logp)/n so that |[VR,(8%,7*) — VR(B",7*)|lcc = Op(+/(logp)/n).

Appendix B: Simulations for Section 2 with linear effects

As shown in Table S1, we consider five simulation scenarios where Scenario 1 is designed to assess the power
of correlation coefficient and Scenario 3 examines the result of regular least square. For each scenario, we
generate the features and ¢; from standard normal distribution with 1000 replications for two levels of sample
size n = 20 and n = 200 and two levels of correlation coefficients among features p = 0 and p = 0.9. The
results of heteroscedasticity testing using the Breusch-Pagan test are presented in Table S1, showing the
proportion of significant test statistics (p < .05) among all the 1000 replications. For the high-dimensional
scenarios, the tuning parameters Ag and A, for Algorithm 1 were chosen by grid search with 10-fold cross-
validation, and the Lasso was implemented using 10-fold cross-validation in the glmnet R package (Friedman
et al. 2010).

When evaluating bias, mean squared error (MSE), and confidence interval (CI) coverage for the low-
dimensional scenarios in Table 52, we averaged the results across coefficients with true values 3; = 1
and B; = 0. The bias results show that VarGuid generally yields lower bias than OLS. The MSE results
further demonstrate that VarGuid consistently outperforms OLS by producing smaller errors, most notably
in settings with small samples and highly correlated predictors. In the homoscedastic setting (Scenario 3),
VarGuid performs comparably to OLS, indicating that it does not overfit when variance heterogeneity is
absent. These findings suggest that VarGuid provides more reliable parameter estimates by accounting for
variance structure in the data. Table S2 also shows that heteroskedasticity-robust standard errors tend to
be conservative relative to those from WLS; accordingly, we rely on WLS-based standard errors in the low-
dimensional real-data application. Table S3 presents results in terms of root mean squared error (RMSE) for
predicted outcomes and area under the precision-recall curve (AUC-PR) for variable selection of 3. Scenarios
68 extend Scenario 5 by systematically increasing the dimensionality to p = 20,100, 200, respectively. As
the number of predictors grows, the baseline AUC-PR values under random selection decrease substantially
(0.25, 0.05, and 0.025). The results demonstrate that incorporating VarGuid alongside Lasso consistently

improves both predictive accuracy and variable selection performance.



Table S1: Design of simulation scenarios.

Significant B-P test proportionf
n=20 n=200
# | B Y p§ | p=0 p=9]p=0 p=9
1 B1=1 =1 1 0.669 - 1 -
2 (B1, B2, B3, Ba, B5)T = (1, 1 1 DT 1 (s vz, 13,74, 75) T = (1,1,1,1, )7 10 | 0.156  0.166 | 0.94 0.748
3 (B1,B2,B3,B4,B5)" = (1, LDT | (xiv)ei =i Vi 10 | 0.032  0.034 | 0.05 0.048
4 (B1, B2, B3, Ba, Bs)T = (1,1,1,1,1)T (Y6, Y7, 78, Y9, v10) L = (1,1,1,1,1)T 10 | 0.078  0.154 | 0.323  0.726
5 (B1, B2, B3, B4, Bs)T = (1,1,1,1, )T | (y1, 72,73, 74,75,76)T = (0,1,2,3,4,5)T | 15 | 0.073 0.065 | 0.371  0.518

§ All the other 8; and v, equal to zero if not specified.
1 B-P is short for Breusch Pagan test with a significant level of .05.

Appendix C: Simulations for Section 3 with nonlinear and interaction
effects

Figure S1 examines the behavior of the artificial grouping algorithm when the true outcome is linear, Y; =
—X; + ¢;. Panel leashf2A shows that adding an artificial grouping term does not improve prediction beyond
the linear model, with the optimal tuning parameter ¢ driving the solution toward a single group. Panel S1B
displays the corresponding fusion path for the subgroup centers: as ( increases, centers merge rapidly and
ultimately collapse into one cluster. Panel S1C presents the cross-validated RMSE curve used to select (,
which correctly favors large values and returns a single-group structure. Together, these results confirm that
the grouping mechanism does not spuriously introduce nonlinear adjustments when the true mean function
is linear.

A B C

R w4, g \

w 2 n 2

c 05 g 3 2
£ 8 5
g s E

ER 0o g < | — RMSE 5 2

N > % = —— Group Number 5 g

5 e 2

3 % \_4 8 O

! -05 % g T f

‘ o N 84 Lumuuumum :

— True fur T T
[ty — Predicti model, RMSE = 0.2 . 5‘%‘“:225\352&"\Dﬁﬁzﬂﬁ;fﬁﬁﬁxgﬁ
5 7| — Prediction mm\ ea r model with 1 “artificial” grouping effect, RMs€=0.2 (0 3°3035cars®
T T T T T -1.0 -05 0.0 05 1.0
-10 -0.5 0.0 05 1.0 Z
Xe
X
Figure S1: A: Simulation with a linear outcome Y; = —X; + &; used to assess whether the artificial grouping

procedure can overfit a linear model. The other settings of this simulation are the same as in Figure 2A-C.
B: Path of subgroup centers as ( increases; larger ¢ yields more subgroup fusion. As in the nonlinear case
of Figure 2B, the fusion path is driven primarily by the covariate pattern rather than by residual structure.
As ( increases from 0 to 7.572, the centers merge progressively, reducing from n distinct groups to a single
group. C: Test-set RMSE from Panel A as a function of (, used to select the tuning parameter and the
corresponding number of groups. For this linear outcome, the RMSE curve favors large values of ¢, returning
a single-group solution, which coincides with the simple linear regression shown by the red line in Panel A.

For nonlinear settings, the simulations used to test VarGuid were of the form Y = ¢(x)+c or ¥ = ¢(x, ¢)

and are listed below:

1. cobra2: ¢(x) = aMz@ 4 (23))2 — gW (M 4 )00 _ (26))2 X0) ~ U(~1,1), e ~ N(0,0.1?).
2. cobra8: ¥(x,¢) = IH{axW 4 (x®)3 + 2 4sin(2@2®) +¢ > 0.38}, XU ~ U(-.25,1), e ~ N(0,0.1%).



Table S2: Simulation results: bias, MSE, and CI coverage in estimating 3

Bias
B =1 B; =0
OLS' VarGuid OLS VarGuid
n =20 n = 200 n = 20 n = 200 n = 20 n = 200 n = 20 n = 200
L 0 9 0 9 0 9 0 9 0 9 0o .9 0 .9 0 .9
#
1 -0.017 -0.001 -0.010 -0.000
2 0.001  -0.110 0.005 -0.001 0.001  -0.070 0.004 -0.001 | -0.005 0.112  0.002 0.001 | -0.001 0.069  0.001 0.001
3 -0.001 0.000 -0.001 0.000 | -0.001 0.000 0.001 0.000 0.000 0.001  0.000 0.001 0.000 -0.001  0.000 0.001
4 -0.024  -0.060 0.001 0.012 | -0.014 -0.018 0.001 0.010 | -0.002 0.059 0.002 -0.013 | -0.001 0.019 0.002 -0.010
5 0.028  -0.447 0.010 -0.003 0.004 -0.126 0.001  -0.001 | -0.014 0.024 0.005 0.025 0.012 0.013  0.004 0.023
MSE
B =1 B; =0
OLS VarGuid OLS VarGuid
n = 20 n = 200 n = 20 n = 200 n = 20 n = 200 n = 20 n = 20(
P 0 9 0 9 0 .9 0 9 0 9 0 0 .9 0
#
1 0.195 0.019 0.179 0.011
2 0.818 23.546  0.041 1.165 0.740 21.406  0.040 1.126 0.735 23.357  0.032 1.131 0.662 21.215  0.030 1
3 0.127 1.093 0.005 0.051 0.115 0.992 0.005 0.051 0.126 1.112 0.005 0.049 0.115 1.000 0.005 0
4 0.715 24.850  0.032 1.107 0.631 22.263  0.030 1.070 0.811 24.814  0.042 1.206 0.709 22.591  0.040 1
5 17.690 619.627 0.307 10.731 13.5636  467.261  0.300  10.552 18.697 585.485 0.363  10.775 | 13.973  449.772 0.359 10
CI coverage (3; = 1)
WLS Sandwich (from 3¢) Jackknife (from 3371)
n = 20 n = 200 n = 20 n = 200 n = 20 n = 200
P 0 0.9 0 0.9 0 0.9 0 0.9 0 0.9 0 0.9
#
1 0.951 0.954 0.943 0.944 0.887 0.943
2 0.933 0.952 0.947 0.948 0.993 0.994 0.956 0.953 0.774 0.817 0.940 0.935
3 0.953 0.954 0.955 0.940 0.991 0.991 0.958 0.947 0.809 0.801 0.941 0.926
4 0.957 0.952 0.953 0.955 0.994 0.993 0.957 0.960 0.818 0.811 0.939 0.943
5 0.954 0.962 0.955 0.948 0.999 0.999 0.962 0.959 0.707 0.695 0.941 0.934
CI coverage (3; # 0)
WLS Sandwich (from 33¢) Jackknife (from 3;)
n = 20 n = 200 n =20 n = 200 n = 20 n = 200
P 0 0.9 0 0.9 0 0.9 0 0.9 0 0.9 0 0.9
#
2 0.953 0.959 0.954 0.956 0.995 0.995 0.958 0.960 0.808 0.814 0.943 0.944
3 0.952 0.951 0.946 0.943 0.991 0.988 0.949 0.945 0.803 0.795 0.933 0.930
4 0.940 0.948 0.954 0.946 0.993 0.992 0.953 0.951 0.783 0.805 0.933 0.936
5 0.953 0.963 0.946 0.952 0.999 0.999 0.957 0.961 0.686 0.706 0.932 0.937

T The point estimators from White’s heteroskedasticity-consistent estimators and other variance-robust methods are identical to OLS; only the standard errors
differ. Therefore, for bias and MSE comparisons, we report OLS as the representative baseline.



Table S3: Simulation results: RMSE for predicted outcomes and AUC-PR for variable selection of 3 across

Scenarios 5-8.

RMSE
Lasso VarGuid
n =20 n = 200 n = 20 n = 200

9 0 .9 0 9 0 .9

8.258 16.419  8.133 16.022 7.426 14.310  6.970 13.970
9.409 17.238  8.219 16.136 7.487 15.311 7.233 14.238
9.992 19.131 8.516 16.925 7.555 16.981 7.459 15.782
11.072 20.614 10677  20.019 7.928 18.395  7.743 16.003

OO\IOJOT/?
o

AUC-PR
Lasso VarGuid
n = 20 n = 200 n = 20 n = 200

0 .9 0 9 0 .9 0 9

0.645 0.426 0.768  0.708 0.794  0.718 0.908  0.888
0.575 0.309 0.580  0.578 0.616  0.560 0.611  0.648
0.160 0.089 0.128  0.110 0.263  0.112 0.584  0.188
0.102 0.053 0.080 0.058 0.128 0.076  0.110  0.096

OO\IG&U!/?

3. friedmanl: 1 (x) = 10sin(rzMz®) 4+ 20(z®) — 0.5)2 + 1024 + 520) X0 ~ U(0,1), e ~ N(0,1).

2z3) 1 /(224
ey

4. friedman3: ¢ (x) = arctan
U(0,1), e ~ N(0,1).
5. inx1: ¢(x) = 2 (2)2/[z®)] + [z® — 2Oz | XU) ~ U(-1,1), e ~ N(0,0.12).

(5))2
s _ O () 4 )@ _ (™) G) o U(— N 2
6. inx2: YP(x) =2 (zM) +1) \/|$(4)| RO ] X U(-1,1), e ~ N(0,0.1%).

7. inx3: (x) = cos(z(M) —z®) +arcsin(zMz3) —arctan(z? — (2))?), XU) ~ U(-1,1), e ~ N(0,0.1?).
8. Imi2: ¢(x) = 3(3;2, 29)2, XU ~ N(0,1), e ~ N(0,15?).

1
Bz 4+ 10205) (6)

9. sup: ¢(x) = 102Nz + 25 , XU ~ U(0.05,1), e ~ N(0,0.52).
X

20 [0

10. sup2: ¥(x) = 2@ /223) — arcsin(z®) + log(z® + 25)) — “\ @
T T

e ~ N(0,0.5%).

— @M X0 ~ U(0.5,1),

Simulations cobra follow Biau et al. (2016), and simulations friedman follow Friedman (1991). In the
independent—feature scenario, the predictors X were sampled independently as described earlier. In the
correlated—feature scenario, all predictors retained their original marginal distributions but were transformed
using a copula to induce pairwise correlation p = 0.9. This procedure was used for all simulations except
Im and Imi2, in which the 15 signal predictors Xy, ..., X 5 were correlated within blocks of size five (blocks
1-5, 6-10, and 11-15).

All methods were implemented within a unified simulation framework. For each Monte Carlo replication,
the data were split into 80% training and 20% testing sets and this process was repeated 100 times for each
scenario. VarGuid was fit with A\g = A, = 0 in the low-dimensional settings. Comparative models were
implemented through standard R libraries with widely accepted hyperparameter defaults. Penalized regres-
sion was fit using glmnet (Friedman et al. 2010) with 10-fold cross-validation. Random Forests were trained
using ranger (Wright & Ziegler 2017) with 500 trees. BART models were estimated using dbarts (Dorie
2025) with default priors and MCMC settings. Gradient boosting was fit using gbm3 (Friedman 2001, Ridge-
way & Developers 2024) with 5-fold cross-validation for tuning. XGBoost and Light GBM were trained via
their respective R interfaces with RMSE-based objectives and early stopping. When a CatBoost code block

} , XM~ U(0,100), X® ~ U(40m,5607), X&) .. X @) ~



appeared, the model structure followed the Light GBM specification; full CatBoost behavior would require
the catboost R package (CatBoost Developers 2024). Finally, gradient-boosted generalized additive models
were estimated using mboost (Hofner et al. 2015, 2014, Hothorn et al. 2010, Buehlmann & Hothorn 2007),
with the number of boosting iterations selected by 5-fold cross-validation.

All predictions were evaluated on held-out test sets, and RMSE was used for ranking and critical-difference

analysis.
Table S4: RMSE comparison for low dimensional datasets shown in Figure 3(A).
Dataset VarGuid flexMix regmixEM Random BART Gradlfent XGBoost  LightGBM  CatBoost
Forest Boosting
Concrete 0.537 0.725 0.926 5.433 4.276 4.431 4.016 4.039 4.039
Liver Disorders 0.510 0.652 0.956 4.135 3.544 3.611 3.570 3.746 3.746
Airfoil Self-Nois 3.475 3.254 7.205 3.561 3.535 3.141 2.824 2.996 2.994
Real Estate Valuation 3.465 3.275 6.802 4.526 4.190 4.238 4.176 4.432 4.430
Average Localization Error 3.171 3.003 6.180 3.654 3.382 3.429 3.379 3.589 3.588
Auto MPG 0.720 0.199 0.501 2.904 2.804 2.938 2.969 3.207 3.207
Concrete Slump Test 0.488 0.167 0.422 4.402 1.922 3.050 3.397 3.319 3.319
Yacht Hydrodynamics 1.220 0.596 1.254 3.543 1.759 2.843 1.881 4.372 4.372
Demand Forecasting Orders  0.975 0.474 1.085 4.300 4.905 6.903 3.607 7.474 7.474
Facebook Metrics 0.875 0.420 1.046 4.482 3.344 5.305 3.359 9.761 9.762
cobra2 0.120 0.199 0.501 0.244 0.176 0.178 0.206 0.186 0.186
cobra8 0.188 0.167 0.422 0.191 0.157 0.157 0.170 0.162 0.162
friedmanl 0.220 0.596 1.254 0.661 0.640 0.697 0.896 0.773 0.773
friedman3 0.455 0.474 1.085 0.539 0.462 0.456 0.479 0.513 0.513
inx1 0.345 0.420 1.046 0.489 0.427 0.420 0.438 0.470 0.470
inx2 0.382 0.370 0.925 0.440 0.379 0.372 0.389 0.416 0.416
inx3 0.340 0.348 0.927 0.408 0.347 0.340 0.355 0.381 0.381
Imi2 2.595 2.978 7.036 2.935 2.513 2.913 2.866 2.888 2.888
sup 2.771 3.275 6.802 2.700 2.772 2.605 2.741 2.833 2.833
sup2 2.071 3.003 6.180 2.882 2.329 2.398 2.506 2.607 2.607
cobra2* 0.782 0.370 0.927 0.601 0.236 0.352 0.507 0.409 0.409
cobra8* 0.247 0.348 1.027 0.425 0.234 0.281 0.359 0.308 0.308
friedmanl* 1.595 2.978 7.836 1.679 0.558 0.548 0.588 0.590 0.590
friedman3 * 0.771 3.532 8.832 0.933 0.815 0.558 0.709 0.618 0.618
inx1* 0.346 3.233 8.022 0.847 0.488 0.529 0.659 0.581 0.581
inx2* 0.537 0.725 0.926 0.759 0.539 0.571 0.584 0.514 0.514
inx3* 0.510 0.652 0.956 0.716 0.404 0.436 0.538 0.475 0.475
Imi2* 3.475 3.254 7.205 3.110 3.617 3.687 3.036 3.333 3.333
sup* 3.065 3.532 8.832 3.135 2.526 2.964 3.002 3.638 3.638
sup2* 2.346 3.233 8.022 2.940 2.963 2.721 2.525 3.337 3.337

1 Simulated datasets — cobra2, cobra8, friedmanl,friedman3, inx1, inx2, inx3,lmi2, sup and sup2 — used a sample size of
N = 500 and dimension p = 15 for low dimension scenario.
* Correlated feature scenarios with correlation p = 0.9.



Table S5: RMSE comparison for high dimensional datasets shown in Figure 3(B).

Dataset VarGuid Lasso FMRS nendom  pypp Gradient oo p o LightGBM  CatBoost
Forest Boosting
Alon 0.522 0520 0.803  0.879 0.683  0.652 0.646 0.647 0.647
Christensen  0.094 0.110 0.633  0.481 0.370  0.356 0.350 0.345 0.345
Gravier 0.300 0.305 0.675  0.507 0.407  0.392 0.389 0.398 0.398
Pomeroy 0.564 0.892 0.882  0.611 0.540  0.627 0.549 0.544 0.544
Shipp 1.075 1.168 0.936  0.657 0.600  0.569 0.593 0.580 0.580
Singh 1.088 1.095 0994  0.683 0.636  0.598 0.617 0.612 0.612
Tian 0.567 1.039 0980  0.720 0.678  0.641 0.658 0.656 0.656
West 0.522 0.821 0.960  0.568 0.597  0.586 0.537 0.615 0.615
Gordon 0.159 0.158 0.899  0.459 0.418  0.358 0.347 0.373 0.373
Subramanian  0.792 1.305 0.898  0.963 0.979  0.890 0.976 1.047 1.047
cobra2 0.341 0.428 0.755  0.684 0.680  0.684 0.707 0.783 0.783
cobra8 0.242 0.280 0.562  0.505 0.503  0.507 0.513 0.554 0.554
friedmanl 0.734 2.608 2147  1.923 1.767  1.950 1.553 1.496 1.496
friedman3 0.239 0.240 1.687  1.511 1.301  1.195 1.220 1.189 1.189
inx1 0.409 0.410 1503  1.348 1.236  1.070 1.098 1.071 1.071
inx2 0.252 0.270 1.352  1.206 1.000  0.945 0.968 0.949 0.949
inx3 0.424 0.537 1172 1.137 1.035  0.901 0.913 0.907 0.907
1mi2 3.228 2.499 3.141  3.819 3.779  3.770 3.833 4.176 4.176
sup 3.036 2724  3.304  3.909 3.871  3.831 4.002 4.237 4.237
sup?2 0.503 0.504 2964  3.601 3.564  3.527 3.681 3.894 3.894
cobra2* 0.697 0.715 0.489  0.316 0.314  0.331 0.325 0.389 0.389
cobrag* 0.250 0.343  0.298  0.247 0.251  0.257 0.256 0.294 0.294
friedman1* 0.783 3.607 2273 0.864 0.823  0.849 0.865 1.009 1.009
friedman3 *  0.286 0.295 0.778  0.713 0.688  0.706 0.717 0.855 0.855
inx1* 0.455 0.478  0.469  0.651 0.631  0.648 0.651 0.791 0.791
inx2* 0.362 0.365 0.369  0.585 0.568  0.584 0.582 0.717 0.717
inx3* 0.570 0.586 0.548  0.547 0.532  0.581 0.538 0.684 0.684
lmi2* 3.355 3.038 4.539  4.654 4671 5.007 4.689 5.631 5.631
sup* 4.931 6.237  6.930  4.829 4.894  5.473 4.983 6.743 6.743
sup2* 2.617 2.635 3.204  4.411 4.467  4.987 4.552 6.141 6.141

t Simulated datasets — cobra2, cobra8, friedmanl,friedman3, inx1, inx2, inx3,lmi2, sup and sup2 — used a sample size of
N =100 and p = 200 for high dimension scenario.
* Correlated feature scenarios with correlation p = 0.9.
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